We classify and then attempt to count the real quadratic fields (ordered by the size of the totally positive fundamental unit, as in Sarnak [12] , [13] ) from which quaternionic Artin representations of minimal conductor can be induced.
Traditionally, number fields of a given degree over Q are ordered by the size of their discriminant, and Artin representations of Q of a given dimension are ordered by the size of their conductor. But in [12] and [13] , Sarnak obtained asymptotic averages of ring class numbers of real quadratic fields by enumerating the corresponding orders according to the size of their fundamental totally positive unit. Sarnak's method was subsequently used by Raulf [6] , [7] to average the class number over maximal orders as well as over orders satisfying given congruence conditions. Here Sarnak's ordering will be used to count certain Artin representations induced from real quadratic fields.
In describing the results of Sarnak and Raulf, we have departed from the authors' own formulation, for they use the language of binary quadratic forms rather than the equivalent language -more suited to Artin representations -of ring class groups. Our notation will also depart from theirs in one important respect: While Sarnak and Raulf use h and to denote the narrow class number and fundamental totally positive unit of an order, we shall instead use h nar and + , reserving h and for the usual class number and fundamental unit. Thus if has norm −1 then + = 2 . (Here and + are defined by the standard condition , + > 1, a condition which is meaningful because real quadratic fields will always be taken to be subfields of R.) In principle, one could use rather than + as the basis of the ordering, but in this note we shall adhere to Sarnak's original ordering by + . Our group-theoretic conventions will be as follows: A representation of a group G is a homomorphism (continuous if G is endowed with a topology) ρ : G → GL(V ), where V is a finite-dimensional vector space over C. An irreducible ρ is dihedral if its image is the dihedral group of order 4m for some m 2. An irreducible two-dimensional monomial self-dual representation is dihedral or quaternionic according as it is orthogonal or symplectic, and conversely, a dihedral or quaternionic representation is othogonal or symplectic respectively and monomial of dimension two. In particular, a dihedral or quaternionic Artin representation of Q is induced from a quadratic field.
Dihedral Artin representations of Q enjoy a certain ubiquity in number theory that quaternionic representations lack. One reason is that dihedral representations often correspond to holomorphic cusp forms of weight one, whereas quaternionic representations are always associated to Maass forms. A related reason is that dihedral representations are simply more abundant. Indeed let ϑ di (x) be the number of isomorphism classes of dihedral Artin representations of Q of conductor x, and let ϑ qu (x) be the analogous quantity for quaternionic representations. It follows from Siegel's asymptotic class number formulas (see [15] and [9] ) that
and while no counterpart to (1) is known for ϑ qu (x), one has at least that
for every ε > 1/4 √ e (see [10] ). A conjecture of Ambrose [1] , whose work in the direction of his conjecture is the main ingredient in the lower bound in (2) , would imply that the lower bound holds for all ε > 0, but our focus here is on the upper bound and the disparity in growth rates: ϑ di (x) x 3/2 versus ϑ qu (x) x/ log x. This disparity is misleading. The dominant contribution to ϑ di (x) comes from dihedral representations induced from imaginary quadratic fields, whereas quaternionic representations can be induced from real quadratic fields only. If one counts only dihedral representations induced from real quadratic fields and orders them by conductor then nothing comparable to (1) is known, but as we have already indicated, Sarnak [12] was able to prove an asymptotic formula by ordering by fundamental totally positive units:
where d runs over discriminants of orders in real quadratic fields. The connection between (3) and dihedral Artin representations induced from real quadratic fields is that after appropriate identifications, the inducing character can be chosen to be a ring class character of order 3. Thus the left-hand side of (3) is a rough approximation to the function α di (x) which counts isomorphism classes of dihedral Artin representations of Q of conductor d with
The main reason why (3) is only a rough approximation to α di (x) is that if a ring class character is counted by h nar d then it is also counted by h nar dm 2 for any positive integer m, whence a given Artin representation may be counted several times in (3). Or to put it differently, (3) counts imprimitive Artin representations along with true primitive Artin representations.
The issue of imprimitivity disappears, however, if we turn to Raulf's formula:
formally, let β di (x) be the number of isomorphism classes of dihedral Artin representations of Q which are induced by one-dimensional unramified Galois characters of real quadratic fields K with + K x. (Here "unramified" means "unramified outside infinity.") A straightforward deduction from (4) gives
. This note is an attempt to find a quaternionic analogue of the preceding circle of ideas. A quaternionic analogue of α di (x) is problematic, because quaternionic representations are not induced by ring class characters. However the quaternionic counterpart to a narrow ideal class character of order 3 is easily identified: It is a nonquadratic character which is "conjugate-symplectic of minimal conductor." Such characters will be called amplectic (we embrace them!), and the function β qu (x) which counts the representations induced by amplectic characters is thus the natural analogue of β di (x). We will see that for every ε > 0,
While (6) falls far short of an asymptotic equality, taken together, (5) and (6) provide a perspective not apparent from (1) and (2): If we restrict attention to real quadratic fields and order representations by the size of the fundamental totally positive unit, then dihedral representations are not so much more abundant than quaternionic representations after all.
Underlying (6) is our main result, a classification of the real quadratic fields which have an amplectic character. In contrast to the dihedral case, where K has a character relevant to β di (x) if and only if the narrow ideal class group of K has an element of order 3, the classification in the quaternionic case is a bit more complicated and is in fact the core around which the whole paper is organized: After an elementary remark about Dirichlet characters in Section 1, we introduce "conjugate-symplectic characters" in Section 2 and those of "minimal conductor" in Section 3, and then in Sections 4 and 5 we derive our classification, from which we deduce our bounds for β qu (x) in Section 6 by quoting old results on square-free values of quadratic polynomials (Carlitz [2] , Estermann [3] , and especially Ricci [8] ). We also use Siegel's half of the Brauer-Siegel theorem [14] , rendering the lower bound in (6) ineffective. On the other hand, we do obtain effective constants, albeit weak ones, for a quantitative version of our main result: Theorem 1. When real quadratic fields are ordered by the size of the fundamental totally positive unit, between 24% and 68% have an amplectic character.
Quadratic reciprocity
We denote the ring of adeles of a number field K by A K and the group of ideles by A × K , and as usual, we view K as a subring of A K and K × as a subgroup of
× which is trivial on K × . Given a primitive Dirichlet character χ, we write χ A for the corresponding idele class character of Q and χ p for the component of χ A at a prime or place p ∞.
We also write a p for the p-component of an idele
Parallel to (7) is the expression for χ as a product of primitive Dirichlet characters χ (p) of p-power conductor:
where p runs over primes dividing the conductor of χ (or indeed over all finite primes, χ (p) being the trivial character of conductor 1 if p does not divide the conductor of χ). Connecting (7) and (8) is the equation
for positive integers n prime to p, or simply
Let c be a square-free integer > 1, and put d = c or d = 4c according as c is 1 mod 4 or 2 or 3 mod 4. Henceforth we take χ to be the primitive even quadratic Dirichlet character of conductor d. Proposition 1. Let p be a prime congruent to 3 mod 4 which divides c. Then
Proof. Let δ be 0 or 1 according as c is odd or even, and letĉ be the product of the odd prime divisors of c/p. Then c = 2 δĉ p, and consequently
Now for odd primes q dividing c, χ (q) is the Legendre symbol at q, and in particular χ (p) is the Legendre symbol at p, so (9) gives
On the other hand, taking a in (7) to be the principal idele p ∈ Q × , we have
because χ q is unramified for q d and χ ∞ is trivial (χ is even). Furthermore, putting
if c is even and c/2 ≡ 1 mod 4 −8 if c is even and c/2 ≡ 3 mod 4, we see that χ (2) is the Kronecker symbol at ∆, whence (9) gives
Now combine (10), (11) , (12) , and (13), and apply quadratic reciprocity. We obtain
The proof is completed by considering the cases c ≡ 1, 2, or 3 mod 4 separately. For example, if c ≡ 1 mod 4 thenĉ = c/p, whenceĉ ≡ 3 mod 4. Also δ = 0 and ∆ = 1, so χ p (c) = −1. The other cases are handled similarly.
Conjugate-symplectic characters
As we have already indicated, if ρ is a two-dimensional irreducible monomial self-dual representation of a finite group then ρ is dihedral if it is orthogonal and quaternionic if it is symplectic. In the latter case, the hypothesis that ρ is symplectic means simply that the determinant of ρ is trivial, because the symplectic and special linear groups coincide in dimension two. Now according to a standard formula for the determinant of an induced representation, we have (15) where the notation is as follows: First of all, G is a finite group, H is a subgroup of index 2, ξ is a one-dimensional character of H, and ind G H ξ is the representation of G induced by ξ. In addition, sign G/H is the isomorphism G/H ∼ = {±1} pulled back to G, and tran G H is the transfer map G ab → H ab from the abelianization of G to that of H. Note that ξ can be viewed as a function on H ab and both sides of (15) Let Q denote the algebraic closure of Q in C. In keeping with our convention that real quadratic fields are subfields of R, we view arbitrary number fields F as subfields of C and hence of Q. In the first instance, an Artin representation of F is a continuous homomorphism ρ : Gal(Q/F ) → GL(V ), where V is a finite-dimensional vector space over C, but since the preceding discussion referred to finite groups, it is convenient here to view ρ as a representation Gal(L/F ) → GL(V ), where L is the fixed field of the kernel of ρ on Gal(Q/F ). In particular, take F = Q and ρ quaternionic, and put G = Gal(L/Q). Then ρ is induced from a subgroup of index 2 in G, say H = Gal(L/K). We write ρ = ind K/Q ξ, where ind K/Q means ind G H and ξ is a character of H satisfying (16) . Note that sign G/H is now sign K/Q , the nontrivial character of Gal(K/Q), viewed as a character of Gal(L/Q). Furthermore, K is a real quadratic field. Indeed, if K is imaginary then there is an involution in Gal(L/Q) -namely complex conjugation -which restricts to the nontrivial element of Gal(K/Q). A calculation then shows that tran G H is trivial, contradicting (16) . It remains to elucidate (16) . Using Artin reciprocity, we may identify characters of Gal(Q/K) with idele class characters of K of finite order, and we often refer to both types of characters simply as "characters of K," either because both interpretations are intended or because the preferred interpretation is apparent from context. In any case, Artin reciprocity identifies transfer on Galois groups with inclusion of idele class groups, so that (16) becomes
Thus in the context of idele class characters, (17) is the condition for ind K/Q ξ to be symplectic.
An idele class character of finite order satisfying (17), or a Galois character satisfying (16) with G and H as above, will be called a conjugate-symplectic character of K. To illustrate the definition, we observe:
If ξ is a conjugate-symplectic character of K which is ramified at one of the two infinite places of K then it is ramified at both infinite places.
Proof. Let a ∈ A × Q be the idele with a p = 1 for all p < ∞ and a ∞ = −1. When a is viewed as an element of A × K , it becomes the idele with component 1 at all finite places and component −1 at the two infinite places. Thus if ξ is ramified at precisely one of the two infinite places then ξ(a) = −1. This contradicts (17), because the Dirichlet character corresponding to sign K/Q is even, whence sign K/Q (a) = 1.
For ind K/Q ξ to be quaternionic, it must be irreducible as well as conjugatesymplectic. Let τ be the nontrivial element of Gal(K/Q), which acts on
× . By Mackey's criterion, the condition for irreducibility is ξ τ = ξ, where ξ τ is the idele class character defined by ξ
Thus ind K/Q ξ is irreducible if and only ξ has order 3. The facts just reviewed are summarized in the first sentence of the following proposition:
Proposition 3. Given a real quadratic field K and a character ξ of K, the representation ρ = ind K/Q ξ is quaternionic if and only if ξ is conjugate-symplectic of order 3, and all quaternionic Artin representations of Q are of this form for some such K and ξ. Furthermore, given two such characters ξ and ξ , we have ind K/Q ξ ∼ = ind K/Q ξ if and only if ξ = ξ or ξ = ξ −1 . Finally, there exist two such pairs (K, ξ) and (K , ξ ) with K = K and ind K/Q ξ ∼ = ind K /Q ξ if and only if the image of ρ is isomorphic to Q 8 , and in that case there are exactly six such pairs,
, and (K , (ξ ) ±1 ), with K, K , and K all distinct.
Proof. The first assertion has already been verified, the second follows from Frobenius reciprocity and the self-duality of ρ, and the third is a consequence of the fact that among the groups Q 4m , only Q 8 has an irreducible "triply monomial" representation (cf. [11] , Proposition 18).
By virtue of (16) or (17), a conjugate-symplectic character is nontrivial. Thus the phrase "of order 3" in Proposition 3 is equivalent to "nonquadratic." We now consider a case in which the equivalent phrases "of order 3" and "nonquadratic" can be dispensed with entirely. Fix a real quadratic field K and let c be the square-
Proposition 4. Suppose that c is divisible by a prime congruent to 3 mod 4. If ξ is any conjugate-symplectic character of K then the order of ξ is divisible by 4.
Hence the representation ρ = ind K/Q ξ is quaternionic.
Proof. Let p be a prime congruent to 3 mod 4 which divides c, and let p be the prime of K above p. We write ξ p for the component of ξ at p and χ for the primitive quadratic Dirichlet character such that χ A = sign K/Q . By (17) and Proposition 1, we have
Hence the order of ξ p is divisible by 4, and consequently so is the order of ξ.
Although it plays no role in the sequel, we note the following curiosity:
Corollary. Suppose L is Galois over Q with Gal(L/Q) ∼ = Q 4m and m odd. Let K be the quadratic field contained in L. Then the discriminant of K is not divisible by any prime congruent to 3 mod 4.
Proof. If a prime congruent to 3 mod 4 divides c then Proposition 4 implies that [L : K] is divisible by 4, hence [L : Q] by 8.
Conjugate-symplectic characters of minimal conductor
So far we have encountered idele class characters, Galois characters, and primitive Dirichlet characters, and primitive ray class characters will soon appear as well. If ξ is a character of any of these types, then q(ξ) will denote its conductor, and we put q(ξ) = Nq(x), where N denotes the absolute norm. Thus q(ξ) is an integral ideal of the base field K of ξ and q(ξ) is a positive integer. But if K = Q then q(ξ) is the unique positive generator of q(ξ), and we call q(ξ) itself the conductor. All of these notations and conventions carry over to Artin representations of dimension > 1 as well.
Given a real quadratic field K, we let d K be its discriminant and d K its different ideal. When K is fixed we usually drop the subscript, writing simply d and d. The same goes for other invariants of K, such as the ring of integers O K , the class number h K , and the fundamental unit K , which will often be written O, h, and . However the norm to Q of an element α ∈ K will always be denoted N K/Q (α).
If d is even then t denotes the prime ideal of O above 2. Put
The following remark (Proposition 6 of [10] ) is elementary:
We say that ξ is of minimal conductor if q(ξ) = d
• . With this definition in place, another bears repeating: We call a nonquadratic character which is conjugatesymplectic of minimal conductor amplectic. Put
If ρ = ind K/Q ξ for some character ξ of K then the standard formula for the conductor of an induced representation gives q(ρ) = dq(ξ), so Proposition 5 has the following consequence:
Given a quaternionic Artin representation ρ of Q, we say that ρ is of minimal conductor if q(ρ) = d K d
• K for some K, or in other words if ρ is induced by an amplectic character of K for some K. If such a K exists, then it is unique. Indeed by Proposition 3, the uniqueness is automatic unless the image of ρ is isomorphic to Q 8 , but even without mentioning Q 8 we can verify the uniqueness as follows. By 
Special discriminants
Since K will again be fixed, we revert to writing d K as d. Throughout this section, we assume that d is not divisible by any prime congruent to 3 mod 4. Equivalently, d is either a product of primes congruent to 1 mod 4 or else 8 times such a product. The main point of this section is the following theorem, which will be deduced from Proposition 8 below. If ξ is any idele class character of K and ∞ is either of the two infinite places of K then ξ ∞ (−1) is 1 or −1. By Proposition 2, if ξ is conjugate-symplectic then the value of ξ ∞ (−1) is independent of the choice of ∞, and we say that ξ is even or odd, or that its parity is even or odd, according as ξ ∞ (−1) is 1 or −1.
Proposition 7.
There exists a quadratic character ζ of K which is conjugatesymplectic of minimal conductor, and if 8 divides d then the parity of ζ can be chosen arbitrarily.
Proof. If d is a product of primes congruent to 1 mod 4 the assertion follows from Proposition 11 of [10] . The argument in the case d ≡ 0 mod 8 is similar, but for the sake of completeness we provide the details. To begin with, observe that (Z/16Z)
whence there are four primitive Dirichlet characters of conductor 16: two even characters and two odd. The square of all four characters is the unique primitive even Dirichlet character of conductor 8. Furthermore, since every odd prime p dividing d is congruent to 1 mod 4, the corresponding Legendre symbol is the square of a primitive Dirichlet character of conductor p (which is even or odd according as p is 1 or 5 mod 8). It follows from these remarks that there is a primitive Dirchlet character ψ of conductor 2d and arbitrarily prescribed parity such that χ = ψ 2 . Switching to an adelic framework, we put ζ = ψ A • N K/Q , where in this setting N K/Q is the idelic norm. Note that the parity of ζ coincides with that of ψ and thus can be chosen at will. Since the restriction of N K/Q to A × Q is the map x → x 2 , we have ζ|A × Q = χ A , so ζ is conjugate-symplectic. Also ζ 2 = χ A •N K/Q = 1, so ζ is quadratic. It remains to check that the conductor of ζ is d
• .
Let O be the ring of integers of K. For a prime ideal p of O dividing d, let K p be the completion of K at p and O p its ring of integers. Let ζ p : K × p → {±1} be the corresponding component of ζ. We write q(ζ p ) for the conductor of ζ p , which we view as an ideal of O. Thus
If p is of odd residue characteristic then q(ζ p ) = p because ζ p is quadratic. Now let t be the prime above 2 and τ a uniformizer of O t . Then every element of 1 + 4τ O t is a square. Since ζ t is quadratic it follows that ζ t is trivial on 1 + 4τ O t , whence the right-hand side of (21) divides d
• and so equals d
• by Proposition 5..
Proposition 8.
If the narrow ideal class group of K has an element of order 3 then K has an amplectic character.
Proof. Let ζ be as in Proposition 7. If the narrow ideal class group of K has an element of order 3, then there is an idele class character λ of K of finite order 3 which is unramified at all finite places. Such a character is trivial on A × Q , so the product ξ = ζλ is conjugate-symplectic of order 3, and ξ is of minimal conductor because q(ξ) = q(ζ) = d
Theorem 2 follows from Proposition 8, because for special discriminants, the condition N K/Q ( ) = 1 implies that the narrow ideal class group of K has an element of order 4 (cf. Lemmas 1 and 2 of [4] and the references cited there).
Remark. The case N K/Q ( ) = −1, which will now be treated for the sake of completeness, is not used elsewhere in the paper but is nonetheless statistically significant. Indeed Stevenhangen [16] has conjectured that among real quadratic fields with special discriminant, the case N K/Q ( ) = −1 occurs roughly 58% of the time (the fields are ordered by discriminant), and in the direction of Stevenhagen's conjecture, Fouvry and Klüners [4] have proved that the case N K/Q ( ) = −1 occurs between 41% and 67% of the time. Proof. Sufficiency follows from Proposition 8. For necessity, suppose that K has an ampletic character ξ. We will show that the ideal class group of K has an element of order 3. Suppose first that d ≡ 1 mod 4, and let ζ be as in Proposition 7. Let p be a prime dividing d, and let p be the prime ideal of K lying over p. Viewing ζ and ξ as idele class characters, let ζ p and ξ p be the components of ζ and ξ at p. Since p is odd, the conductors q(η p ) and q(ξ p ) both coincide with p, and consequently the restrictions η p |O × p and ξ p |O × p both factor through (O p /p) × . Now the latter quotient is the image of (Z p /pZ p ) × under the natural map, and on Z × p both η p and ξ p coincide with the component of sign K/Q at p, hence with each other. Since this conclusion holds for every p dividing d
• , the character λ = ζξ is unramified at all finite places of K. Hence λ is (or can be identified with) a narrow ideal class character. As ζ has order 2 while ξ has order 3, the product λ also has order 3, whence the narrow ideal class group has an element of order 3. But the narrow and ordinary ideal class groups coincide, because N K/Q ( ) = −1.
Next suppose that d ≡ 0 mod 8. Once again, we choose ζ as in Proposition 7, but now with the same parity as ξ, so ζξ is unramified at infinity. Therefore ζξ can be identified with a character of the wide ray class group of K to the modulus d
• . Recall that this group may be viewed as an extension of the ideal class group of K by the cokernel of the natural map
× . Now as idele class characters of K, both ζ and ξ coincide with sign K/Q on A Q , so when we restrict ζξ to the above cokernel and then view it by pullback to (O/d
• ) × as a character of the latter group it is trivial on the image of (Z/dZ)
Thus we may view ζξ as giving a character of (O/d
• ) × trivial on both the image of (Z/dZ) × and the image of
× is generated by these two images, whence ηξ factors through the ideal class group of K, which therefore has characters, hence elements, of order 3.
To verify the claim, recall from (18) To a large extent, the results of this section can be summarized in a single inequality. Let h nar be the narrow class number of K, and write ω(n) for the number of distinct prime factors of an integer n 1. Proof. By genus theory, 2 ω(d)−1 is the number of elements of the narrow ideal class group of K of order dividing 2 (cf. [5] , p. 179, Satz 132). Hence h nar − 2 ω(d)−1 is the number of elements of order 3, or equivalently, the number of narrow ideal class characters of K of order 3. Let Λ be the set of such characters and Ξ the set of amplectic characters of K, and let ζ be as in Proposition 7. Then we have an injective map Λ → Ξ given by λ → ζλ, and the stated inequality follows. If d is odd or N K/Q ( ) = −1 then the proof of Theorem 3 shows that λ → ζλ is invertible with inverse ξ → ζξ. (While the hypothesis of Theorem 3 is that N K/Q ( ) = −1, when d is odd this hypothesis is used only to deduce that the narrow and wide ideal class groups of K coincide, a deduction that is irrelevant here).
Nonspecial discriminants
Next we assume that K = Q( √ c) with a square-free positive integer c divisible by some prime congruent to 3 mod 4. In this case it is a standard remark that N K/Q ( ) = 1, so that Furthermore, if ξ is a conjugate-symplectic character of K then ξ is nonquadratic by Proposition 4. Thus if it is also of minimal conductor then it is amplectic.
Let d be the discriminant of K, and let χ denote the even primitive quadratic Dirichlet character of conductor d, so that χ A = sign K/Q . The analogue for nonspecial discriminants of Theorems 2 and 3 is the following statement: (ii) If an amplectic character of K exists then its parity can be prescribed. We first prove (i).
Recall once again from (18) that the natural map
is an embedding. So we may view (Z/dZ) × as a subgroup of (O/d
• ) × and χ as a character of this subgroup. Recalling the defining property (17) of a conjugatesymplectic character, we claim that (i) is equivalent to the following assertion:
(i) There is an extension of χ to a character ξ of (O/d 
This cokernel is naturally a subgroup of the wide ray class group of K to the modulus d
• , and after extending ξ arbitrarily to the latter group we may view it as a wide ray class character of K. In view of Proposition 5, the conductor of ξ is automatically d
• rather than a proper divisor of d • , so ξ is in fact a primitive ray class character. Given the correspondence between primitive ray class characters and idele class characters of finite order, we see that every even conjugate-symplectic idele class character of K of minimal conductor arises from an extension of χ to a character ξ as above. By Proposition 4, ξ is nonquadratic and hence amplectic.
We turn now to the proof of (i) • ) × we must show that ξ( ) = 1. As a is even,
where p runs over primes dividing c. Since a 2 + b 2 c ≡ a 2 mod p, all of the Legendre symbols in the product are 1. But the Kronecker symbol in front of the product is −1, because a 2 + b 2 c ≡ 3 mod 4 (recall that a is even and b is odd). It follows that indeed, χ(a 2 + b 2 c) = −1. This completes the proof of (i) . It remains to prove (ii). It suffices to exhibit an idele class character ψ of finite order which is unramified at all finite places but ramified at both infinite places and trivial on A × Q . Indeed, if such a character ψ exists, and if ξ is an amplectic character of K, then so is ψξ, but ξ and ψξ have opposite parity.
The desired ψ is most easily exhibited as a narrow ideal class character, or in other words as a character of I/P nar , where I is the group of nonzero fractional ideals of K and P nar is the subgroup of principal fractional ideals with a totally positive generator. Let P be the group of all principal fractional ideals, and as before, write O for the ring of integers of K. Since N K/Q ( ) = 1, we obtain a well-defined quadratic character ψ of P by setting
Clearly ψ is trivial on P nar , and by extending ψ arbitarily from P to I we obtain the desired character of I/P nar .
We end this section with an analogue of Proposition 9.
Proposition 10. Let g be the number of amplectic characters of K, and suppose that g = 0. Then g h nar , with equality if d is odd.
Proof. Let Λ to be the set of narrow ideal class characters of K and Ξ the set of amplectic characters of K. Fix a character ξ 0 ∈ Ξ. Then we have an injective map Λ → Ξ sending λ ∈ Λ to λξ 0 , and consequently g h nar . If d is odd then we can argue as in the second paragraph of the proof of Theorem 3 to see that λ → λξ 0 is surjective.
Asymptotics
Let K be the set of real quadratic fields, and let κ(x) be the number of K ∈ K with
, p. 256, Theorem 5.3). Let H ⊂ K be the subset consisting of those K which have an amplectic character, and let η(x) be the number of K ∈ H with
2 ) ≈ .3226. Since κ(x) ∼ x, the following assertion amounts to a slightly more precise version of Theorem 1: 
where η 0 (x) is the number of K ∈ H with + x and d ≡ 0 mod 8. Next let N be the set of integers n 7 such that n 2 − 4 is square-free and n ≡ 3 mod 4, and let ν(x) be the number of n ∈ N with n x. If n ∈ N and (26), and observing that the sets counted by η 0 (x) and η 5 (x) are disjoint, we see that µ(x/4) + ν(x) η(x). The lower bound for η(x)/x now follows from the asymptotic relations µ(x) ∼ θx and ν(x) ∼ θx/2. (See [2] and pp. 436-437 of [8] . To apply [8] , observe that the square-free values of n 2 − 4 with n ≡ 3 mod 4 are just the square-free values of (4k + 1)(4k + 5) for arbitrary k.)
To derive the upper bound for η(x)/x, put H = K H and η (x) = κ(x) − η(x), so that η (x) is the number of K ∈ H such that 
Using the relations κ(x) ∼ x, µ (x) ∼ θx, and ν (x) ∼ θx/2 ([6], [3] , and [8] ), we obtain the stated upper bound for η(x)/x.
Remark. In principle we could improve our lower bound for η(x)/x by using the square-free values of two more expressions, n 2 + 1 and n 2 + 4. Indeed Q( √ n 2 + 1) and Q( √ n 2 + 4) are also fields for which the fundamental unit can be identified explicitly: We have = n + √ n 2 + 1 (n > 2) and = (n + √ n 2 + 4)/2 respectively. But in these cases + = 2 , so the condition + x would force us to take n < √ x, and thus the contribution to η(x) would be negligible.
Finally we come to the proof of (6) . We begin with the lower bound in (6) . Let N and ν be as in the second paragraph of the proof of Theorem 5. For n ∈ N we modify the notation of that paragraph in a self-explanatory way: K n = Q( √ n 2 − 4), d n = n 2 − 4, and n = + n = (n + √ n 2 − 4)/2. Also, we write g n for the number of amplectic characters of K n . If n x then n x, so (20) gives
Denote the right-hand side of this inequality by γ(x). Then the lower bound for β qu (x) in (6) is a consequence of the following statement:
Proposition 11. Fix ε > 0. Then γ(x) x 2− for x sufficiently large.
To prove the proposition we need a lemma. Write h n and h Proof. Let χ n be the primitive quadratic Dirichlet character of conductor d n , and choose δ so that 0 < δ < ε/2. Combining Siegel's estimate L(1, χ n ) d
−δ
n with the Dirichlet class number formula L(1, χ n ) = (2h n log n )/ √ d n , we obtain h n (n 2 − 4) 1/2−δ / log(n + n 2 − 4).
Hence h n n 1−2δ / log(2n), from which the stated estimate follows.
We now prove Proposition 11. If d n is special then g n = 2h
nar n − 2 ω(dn)−1 (Proposition 9), and since ω(d n ) log d n / log log d n and d n = n 2 − 4 the lemma implies that g n n 1−ε . This conclusion is even easier if d n is nonspecial; we simply refer to Proposition 10 instead of Proposition 9. Thus it is enough to prove that for large x, A crude argument suffices: The sum on the left-hand side has ν(x) terms, so there are at least ν(x)/2 terms in the sum corresponding to n ν(x)/2. The contribution of these terms is at least ν(x)/2 (ν(x)/2) 1−ε , and as ν(x) x, the estimate (29) follows, proving Proposition 11.
It remains to verify the upper bound in (6) . Using Raulf's formula (4), we can make a more precise assertion for x sufficiently large:
The proposition is a consequence of (4), (20), and the following lemma:
Proof. Since K is now fixed we drop the subscript K. If g = 0 there is nothing to prove, so suppose that ξ 0 is an amplectic character of K. Let Ξ be the set of all amplectic characters of K, and let Ξ + ⊂ Ξ and Ξ − ⊂ Ξ be the subsets consisting of characters with the same parity as ξ 0 and the opposite parity respectively. Let g ± be the cardinality of Ξ ± . We will show that g + 4h. If g − = 0 then ξ 0 can be replaced by an element of Ξ − and the argument will show that g − 4h also. If ξ ∈ Ξ + then the product ξ 0 ξ is unramified at infinity and so may be viewed as an element of the wide ray class group of K to the modulus d
• . As we recalled in the proof of Theorem 3, this wide ray class group is an extension of the ordinary ideal class group of K by the cokernel of the map
So by restriction to this cokernel and pullback to (O/d
• ) × we may view ξ 0 ξ as a character of (O/d • ) × . As idele class characters, ξ 0 and ξ both coincide with sign K/Q on A Q , so when we view ξ 0 ξ as a character of (O/d
• ) × it is trivial on the image in this group of (Z/dZ) × . Now the index of (Z/dZ) × as a subgroup of (O/d • ) × is at most 4. Thus we may view ξ 0 ξ as a character of a group which is the extension of the ideal class group of K by a group of order at most 4. It follows that the map ξ → ξ 0 ξ has image of order at most 4h.
